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Abstract

For a class of non-uniformly ergodic Markov chains satisfying expo-
nential or polynomial beta-mixing, under observations subject to an IID
noise, it is shown that wrong initial data is forgotten in the mean total
variation topology, with a certain exponential or polynomial rate. It is
allowed that the density of the noise in the signal may vanish.

1 Introduction

We consider a discrete time filter for a Hidden Markov chain (Xn) with values
in the Euclidean space Rd, with conditionally Markov observations (Yn) from
R`, satisfying the system

Xn+1 = Xn + b(Xn) + σ(Xn)ξn+1, (n ≥ 0), (1)

Yn = h(Xn) + Vn (n ≥ 1), (2)

where (ξn, Vn) is a sequence of IID random vectors of dimension d + ` with
densities qξ(x)qV (y), b(·) is a d-dimensional vector-function, σ(·) a d×d matrix-
function, h(·) an `-dimensional vector-function. We assume that the exact initial
distribution of X0 denoted by µ0, is known with some error. The main problem
addressed in this paper is whether or not this error is forgotten by the optimal
filtering algorithm in the long run.
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For the review of recent and earlier achievements see [7], [8]. The most
important papers for the authors were [1], [2], and [10]. A more complete, –
although inevitably not full, – list of relevant references could be found, e.g.,
in [7]. An important tool in the proof is another distance between equivalent
measures, Birkhoff’s metric, see below. The latter is known as a useful tool
in the theory of positive operators (see, e.g., [9]), and has proved to be very
helpful in [7] and in several earlier papers on the subject; its use in this part
of filtering theory has been proposed in [1]. In the present paper, we relax
considerably the “local mixing condition” of the kernels in compare to [7] and
[10], by providing, in particular, an easy way to include into considerations
distributions with possibly vanishing density of the noise in the signal. For the
purpose of establishing non-conditional mixing rate, instead of the frequently
used mixing condition

ελ(·) ≤ Q(x, ·) ≤ ε−1λ(·), (3)

which is often not optimal, and in some important cases such as non-degenerate
diffusion with a non-smooth diffusion coefficient just fails, one can assume the
following integral form of the Doeblin–Doob type condition, due to Dobrushin
(cf. [3]),

inf
x̃,x

∫ (
Q(x̃, dx′)

Q(x, dx′)
∧ 1

)
Q(x, dx′) := ν > 0,

or its localized form, which would be appropriate to call local uniform Doeblin–
Doob–Dobrushin condition,

inf
x̃,x∈B

∫
B′

(
Q(x̃, dx′)

Q(x, dx′)
∧ 1

)
Q(x, dx′) =: ν(B, B′) > 0, (4)

for appropriate sets B and B′. If the latter integral and infimum in (4) are
both taken over the whole space, the value 1−ν is called Dobrushin’s coefficient
of ergodicity [3]. The latter condition with arbitrary B has been used earlier
in the second author’s papers on mixing since early nineties. This condition is
considerably weaker than (3), and at the same time it provides better constants
in the bounds of convergence and mixing; this will be shown in one of the
sections below. The condition (3) is frequently used for establishing mixing
or convergence rate to equilibrium distribution, see, e.g., [4]. It does provide
uniform bounds for such convergence to equilibrium (and mixing) on the class
of processes (see again [4]). However, the use of (4) instead gives better constants
in the bounds, and wider class of processes is covered. It is worth mentioning
that the most general Doeblin – Doob condition does provide an exponential
convergence rate, however, it does not provide any uniform convergence rate on
any class of processes under this sort of condition. At least, the technique in
[4] in the general case which is based on Lebesgue differentiation cannot give

2



any uniform convergence. Hence, the condition (4) may be considered as a
generalization of (3) in all meanings. Concerning non-conditional mixing see [5],
[6], [11] – [13].

There is an open problem: are there weaker conditions that still allow to con-
trol the rate of convergence and mixing for some appropriate classes of processes?
Perhaps, some further localization of the condition (4) could be useful.

For the conditional setting of this paper we will use the following version of
the mixing assumption intermediate between (3) and (4): for every R > 0 large
enough, there exits LR > 0 such that

pR := inf
x∈BR

Q(x, AR) > 1/2,

where AR ⊂ BR satisfies

0 < a−R ≤ q(x, x′) ≤ a+
R < ∞, ∀ x ∈ BR, x′ ∈ AR,

see below the assumption (A3). Using this condition, we establish results on
forgetting property of the filter under less restrictive assumptions in compare to
[8]. Notice that a more general condition (4) fails to work when we are to verify
contraction in the Birkhoff metric, see below.

Further generalization of recurrence conditions in terms of Lyapunov func-
tions is possible, but the point of view of the authors is that our type of condi-
tions allows an easier verification and, hence, is more appropriate. The meaning
of the condition (5) is that for every couple (x, x̃) from some appropriate ball,
their transition measures should have components that are comparable in the
sense of equivalence with bounded derivatives. There is no need to require such
a comparability for the whole family of transition measures with respect to some
reference measure, but only couples of those measures are relevant.

The paper is arranged as follows: the section 2 contains the assumptions
and the main result; the section 3 is devoted to the proof of the main result.
The paper may be considered as a continuation of [7] which explains the title;
however, it may be read independently. In some cases we used reduced form of
the calculus where it is similar to that in [7].

2 Assumptions, main result, auxiliaries

2.1 Assumptions

(A1) We assume that

0 < inf
x

inf
|λ|=1

λ∗σσ∗(x)λ ≤ sup
x

sup
|λ|=1

λ∗σσ∗(x)λ < ∞,
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where λ ∈ Rd, the function b is locally bounded, and there exist p ∈ {0, 1},
M > 0 and r ∈ (0, +∞] such that(

|b(x)|
|x|

− 1

)
|x|1+p ≤ −r, |x| ≥ M ; (5)

if p = 1 then we understand this as a limit with r = +∞, that is,

lim sup
|x|→∞

(
|b(x)|
|x|

− 1

)
|x|2 = −∞. (6)

(A2) The noise (ξn) is a sequence of i.i.d. random vectors with

Eξk = 0;

and such that in the case p = 0,

E exp(c|ξ1|) < ∞,

while in the case p = 1, for every m > 0,

E|ξ1|m < ∞.

The noise (Vn) is an IID centered sequence; the density qV is assumed to
be positive everywhere.

The function h is locally bounded.

(A3) In terms of the transition density of the signal process,

q(x, x′)dx′ :=
1√

det(σ∗σ)(x)
qξ(σ(x)−1(x′ − x− g(x))) dx′,

we assume for every R large enough there exists a Borel set AR ⊂ BR such
that

0 < a−R := inf
|x|≤R

inf
x′∈AR

q(x, x′) ≤ sup
|x|≤R

sup
x′∈AR

q(x, x′) =: a+
R < ∞, (7)

& pR = inf
|x|≤R

Px(X1 ∈ AR) > 1/2. (8)

In particular, the latter condition does not include any density qξ with a
compact support. However, it does include, e.g., many continuous densities
with unbounded support, and many more, because continuity here may be
relaxed. For example, for finite state Markov chain it is sufficient to have
one column with enters greater that 1/2 in the transition matrix. At the
same time, it is worth mentioning that a density with a compact support
may satisfy the condition (A3) with some positive R; in this case, some
polynomial rate of convergence may be achieved.
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(A4) The measure µ0 is absolute continuous with respect to ν0, and, moreover,∥∥∥∥dµ0

dν0

∥∥∥∥
L∞(ν0)

< ∞. (9)

Moreover, both initial measures µ0 and ν0 possess some exponential mo-
ment, that is, there exists c > 0 such that∫

ec|x|(µ0(dx) + ν0(dx)) < ∞. (10)

For p = 1 the latter condition may be relaxed.

2.2 Setting and Main Results

Using the Bayes formula, the exact a posteriori filtering conditional measure can
be represented as a probability measure for any Y , via the following non-linear
operator S̄Y,µ0

n , applied to the initial measure µ0,

Pµ0(Xn ∈ dxn | Y1, . . . Yn) =

∫ n∏
i=1

Q(xi−1, dxi)c
µ0

i Ψ(xi, Yi)µ0(dx0)

= dµ0
n

∫ n∏
i=1

Q(xi−1, dxi)Ψ(xi, Yi)µ0(dx0) =: µ0S̄
Y,µ0
n (dxn). (11)

Here Ψ(xi, yi) is a conditional density of Yi at yi, given Xi = xi, and Q(x, dx′) is
a transition kernel for the Markov chain Xn, n ≥ 0. The random normalization
constant dµ0

i is defined as follows,

dµ0

i =

(
Eµ0

(
i∏

j=1

Ψ(Xj, yj)

)∣∣∣∣∣
y1=Y1,...yi=Yi

−1

,

and, correspondingly,

cµ0

i =
dµ0

i

dµ0

i−1

=
Eµ0

(∏i−1
j=1 Ψ(Xj, yj)

)
Eµ0

(∏i
j=1 Ψ(Xj, yj)

)
∣∣∣∣∣∣
y1=Y1,...yi=Yi

.

Now, the “wrong initialization” problem can be formulated more precisely as
follows. One does not know the measure µ0 exactly, but only some its approx-
imation ν0. Hence, one plugs in the observed values Y ’s and this new measure
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ν0 into the formula (11). The problem is whether in the long run the difference
between the conditional measures provided by the algorithms with the exact and
wrong initial data converges to zero in some suitable topology. However, even
before we pose this question about convergence, we shall decide whether this op-
eration of using ν0 instead of µ0 is well-defined. In which case it is well-defined
and in which it is not? The answer is that it is not well-defined if and only if our
actually observed vector Ȳn is impossible under ν0 for some n, or, equivalently,
if the vector-value (X0, . . . , Xn) starting from the distribution ν0 is impossible
under the observed Ȳn for some n. Since clearly any value of (X0, . . . , Xn) with
X0 ∈ supp(µ0) is possible, we have a sufficient condition for our operation to be
well-defined, supp(ν0) ⊂ supp(µ0), or, equivalently,

ν0 << µ0. (12)

This condition is sufficient whatever all other distributions are. Notice that
in many papers on the subject this is, indeed, assumed. However, it is not
necessary if we impose some other additional requirements, e.g., if the density
of V1 is positive everywhere, which we have assumed in (A2).

Another issue is that while using the Birkhoff metric and induction we will
need equivalent measures with bounded derivatives, see (20) below. So it looks
as if (12) should have been assumed, at least. However, recall that induction
can be started not necessarily from zero. On the other hand, after the first
application of the “mixing inequality” (21) we will get comparable measures,
that is, equivalent measures with bounded derivatives, as required. Thus, we
can start our induction (20) from n = 1. This is why the condition (12), which
seems so natural and nearly indispensable, in fact, may be relaxed. Nevertheless,
in some further studies it will be very desirable.

Now we shall explain how one can interpret this setting in a probabilistic
way, using again some Markov dynamics and conditioning. In fact, for the
initial distribution ν0, we have another sequences of measures and observations,

dν0
n

∫ n∏
i=1

Q(xi−1, dxi)Ψ(xi, Ỹi)ν0(dx0) = ν0S̄
Ỹ ,ν0
n (dxn) ≡ νn(dxn).

This can be, indeed, regarded as another conditional expectation, for the same
Markov process starting from another initial distribution ν0, given some new
observations (Ỹ1, . . . , Ỹn). Without losing a generality, we can and will assume
that this pair, (X̃, Ỹ ), is defined on some independent probability space; we
will not change our notation for the probability measure, nor for expectation,
though, both now apply to the process (X, Y, X̃, Ỹ ). However, due to the setting,
only original observations Y are available, so that we are obliged to identify
(Ỹ1, . . . , Ỹn) with (Y1, . . . , Yn), that is, we keep the original observations that
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have risen from the original initial data µ0, as though they were initialized by
its substitution ν0. The result, ν0S̄

Y,ν0
n , is still some conditional probability,

namely, the conditional distribution of νn given (Ỹ1, . . . , Ỹn), after the values
(Ỹ1, . . . , Ỹn) have been replaced by (Y1, . . . , Yn). This operation is well defined
almost surely with respect to the measure Pµ0 , due to our assumptions on the
density qV .

The main question here is about a discrepancy of the filter with a wrong mea-
sure ν0 instead of µ0 and the exact one, or, in other words, about the difference
of the two measures,

(µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n )(dxn),

whether it is reasonably small for large values of n. We will be interested in
the distance in the mean total variation norm with respect to the original initial
measure µ0.

Theorem 1 1. Under the assumptions (A1) – (A3) above, the following bounds
hold true:

Eµ0‖µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤

{
Cmn−m, p = 1, ∀m > 0,
C exp(−cn), p = 0.

(13)

2. In addition, the following pathwise inequalities hold true:

(i) If
Eµ0‖µ0S̄

Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤ Cn−m,

then, for every m′ < m, not necessarily integer, there exists a (random)
n0 such that

‖µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤ n−m′+1, n ≥ n0.

(ii) If
Eµ0‖µ0S̄

Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤ C exp(−cn),

then for any c′ < c, there exists a (random) n0 such that

‖µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤ C exp(−c′n), n ≥ n0.

Remark 1 Notice that one can state uniform bounds for appropriate classes of
problems in the Theorem 1.
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Remark 2 If in (A4) we assume additionally

0 < C−1
1 := ess inf

dµ0

dν0

≤ ess sup
dµ0

dν0

≤ C1 < ∞, (14)

then it follows from the same calculus in the next section that

Eµ0‖µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n ‖TV ≤

{
Cmn−m ρ(µ0, ν0), p = 1, ∀m > 0,
C exp(−cn)ρ(µ0, ν0), p = 0.

(15)

where ρ is the Birkhoff metric, see (18) below.

3 The proof of Theorem 1

1. First of all, let us introduce some indicators. Note that in this proof, x
stands for the whole sequence (x0, x1, . . . , xn), and likewise for x̃, and the same
for the random sequences X, X̃, and Y . As suggested above in the setting,
we consider independent couples (X, Y ) and (X̃, Ỹ ), with initial distributions
of the first components, L(X0) = µ0 and L(X̃0) = ν0. For every i ≥ 0, let
Mi := max(|Xi|, |X̃i|). For fixed R and n, we denote by δ, δ = (δ0, δ1, . . . , δn) a
(non-random) vector of dimension n + 1 with coordinates 1 or 0 at every place,
and by δ′, δ′ = (δ′1, δ

′
2, . . . , δ

′
n) any other non-random vector of dimension n with

coordinates 1 or 0 such that all zeros in δ remain zeros in δ′. More than that, δ′i
may be equal to 1 only if δi = 1, that is,

(δ′i = 1) =⇒ (δi = 1).

Further, consider the following indicators, with a convention 00 = 1,

1δ,δ′(X, X̃) :=
n∏

i=0

(1(Mi ≤ R))δi (1− 1(Mi ≤ R))1−δi

×
n∏

i=1

(
1((Xi, X̃i) ∈ AR × AR)

)δ′i
(
1− 1((Xi, X̃i) ∈ AR × AR)

)1−δ′i

= 1δ(X, X̃)χ
δ′
(X, X̃)

In fact, the part
∏n

i=0 (1(Mi ≤ R))δi (1− 1(Mi ≤ R))1−δi in the latter formula
is superficial, however, there is no harm to leave it.

Remind that this indicator function depends on R and n as parameters,
which are dropped from the notation. In some cases it will be useful to present
the latter indicator as

1δ(X, X̃) =
n∏

i=0

1δi
(Mi), χ

δ′
(X, X̃) =

n−1∏
i=1

χ
δ′
i

(Xi, X̃i),
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where for any M > 0,

1δi
(M) = (1(δi = 1)1(M ≤ R) + 1(δi = 0)1(M > R)) ,

and

χ
δ′
i

(x) = (1(δ′i = 1)1(x ∈ AR) + 1(δ′i = 0)1(x /∈ AR)) .

Let us emphasize a very important property of these indicators:

1 =
∑

δ,δ′∈∆

1δ,δ′(x, x̃), ∀x, x̃ ∈ R2(n+1),

where ∆ the set of all possible values of the vector δ, δ′.
For every δ, δ′ let us define

J(δ, δ′) := {i : 1 ≤ i ≤ n, δi−1 = 1, δ′i = 1}, #1(δ, δ′) :=
n∑

j=1

1(j ∈ J(δ, δ′)), (16)

J(δ) := {i : 0 ≤ i ≤ n, δi = 1}, #1(δ) :=
n∑

j=1

1(j ∈ J(δ)). (17)

Now let us define new operators on the spaces of normalized and non-normalized
measures on R2d = Rd × Rd, or, rather, on the space of pairs of measures, each
on Rd, as follows, (we use a double integral notation just to emphasize that we
integrate with respect to the variables x and x̃)

(µ, ν)S̄Y ;µ0,ν0
n (A×B) =

∫ ∫
1(xn ∈ A, x̃n ∈ B)

×
(

n∏
i=1

cµ0

i cν0
i Ψ(xi, Yi)Ψ(x̃i, Yi)Q(xi−1, dxi)Q(x̃i−1, dx̃i)

)
µ(dx0)ν(dx̃0),

and

(µ, ν)S̄Y ;R;δ,δ′;µ0,ν0
n (A×B)

=
∫ ∫

1(xn ∈ A, x̃n ∈ B)1δ,δ′(x, x̃)

×
(

n∏
i=1

cµ0

i cν0
i Ψ(xi, Yi)Ψ(x̃i, Yi)Q(xi−1, dxi)Q(x̃i−1, dx̃i)

)
µ(dx0)ν(dx̃0),
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and

(µ, ν)SY ;R;δ,δ′
n (A×B)

=
∫ ∫

1(xn ∈ A, x̃n ∈ B)1δ,δ′(x, x̃)

×
(

n∏
i=1

Ψ(xi, Yi)Ψ(x̃i, Yi)Q(xi−1, dxi)Q(x̃i−1, dx̃i)

)
µ(dx0)ν(dx̃0).

The last linear non-normalized operator SY ;R;δ,δ′
n can be equivalently presented

as

(µ, ν)SY ;R;δ,δ′

n (A×B) = (µ, ν)
n−1∏
i=0

SY ;R;δ,δ′

i:i+1 (A×B),

with

(µi, νi)S
Y ;R;δ,δ′

i:i+1 (A×B)

=
∫ ∫

1(xi+1 ∈ A, x̃i+1 ∈ B)1δ(xi, x̃i) χ
δ′
(xi+1, x̃i+1)

×Ψ(xi+1, Yi+1)Ψ(x̃i+1, Yi+1)Q(xi, dxi+1)Q(x̃i, dx̃i+1)µi(dxi)νi(dx̃i).

Next, for every δ, δ′, let

eY ;δ,δ′;µ0,ν0
n := (µ0, ν0)S̄

Y ;R;δ,δ′;µ0,ν0
n (R2d) ≡ Eµ0,ν0(1δ,δ′(Z) | Y, Ỹ )

∣∣∣
Ỹ =Y

,

where Z = (X, X̃). Due to the assumption on the density qV , these random
variables are well-defined. Notice that the symmetry in the definition of S̄
implies an identity crucial for the following calculus,

eY ;δ,δ′;µ0,ν0
n = eY ;δ,δ′;ν0,µ0

n .

Next, denote

(µ, ν)ŜY ;R;δ,δ′;µ0,ν0
n (A×B) := (eY ;δ,δ′;µ0,ν0

n )−1 (µ, ν)S̄Y ;R;δ,δ′;µ0,ν0
n (A×B).

The sense of the last notation is that the result of this action is a normalized
measure restricted to the event 1δ,δ′(X, X̃) = 1.
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Next important step is due to the fact that the distance in total variation
for the measures in Rd can be estimated from above via the correspondingly
duplicated measures, and the latter can be split into different terms as follows,

‖µ0S̄
Y ;µ0,ν0
n − ν0S̄

Y ;ν0,µ0
n ‖TV ≤ ‖(µ0, ν0)S̄

Y ;µ0,ν0
n − (ν0, µ0)S̄

Y ;ν0,µ0
n ‖TV

≤
∑

δ,δ′∈∆

‖(µ0, ν0)S̄
Y ;R;δ,δ′;µ0,ν0
n − (ν0, µ0)S̄

Y ;R;δ,δ′;µ0,ν0
n ‖TV

= 2
∑

δ,δ′∈∆

eY ;δ;µ0,ν0
n supD((µ0, ν0)Ŝ

Y ;R;δ,δ′;µ0,ν0
n (D)− (ν0, µ0)Ŝ

Y ;R;δ,δ′;µ0,ν0
n (D)),

where D runs all Borel sets B(R2d) (see [7] for the details). We will use the
Birkhoff metric for positive measures, see [9], and also [1], [10] (where it is called
Hilbert metric; one more synonym is the projective metric),

ρ(µ, ν) =

{
ln

(inf s : µ ≤ sν)
(sup t : µ ≥ tν)

, if finite,

+∞, otherwise.
(18)

Another equivalent definition reads,

ρ(µ, ν) =

{
ln sup(dµ/dν) + ln sup(dν/dµ), if finite,
+∞, otherwise.

Due to the inequality for the total variation norm and the Birkhoff metric
(see [1] and [10]), and since both measures below, – that is, (µ0, ν0)Ŝ

Y ;R;δ,δ′;µ0,ν0
n

and (ν0, µ0)Ŝ
Y ;R;δ,δ′;µ0,ν0
n , – are normalized, we have,

2 sup
D

((µ0, ν0)Ŝ
Y ;R;δ,δ′;µ0,ν0
n (D)− (ν0, µ0)Ŝ

Y ;R;δ,δ′;µ0,ν0
n (D))

≤ ρ((µ0, ν0)Ŝ
Y ;R;δ,δ′;µ0,ν0
n , (ν0, µ0)Ŝ

Y ;R;δ,δ′;µ0,ν0
n ). (19)

We claim that there exists πR < 1 such that if k = #1(δ, δ′) > 1, then

ρ((µ0, ν0)Ŝ
Y ;R;δ,δ′;µ0,ν0
n , (ν0, µ0)Ŝ

R;δ,δ′;µ0,ν0
n )

≡ ρ
(
(µ0, ν0)S

Y ;R;δ,δ′
n , (ν0, µ0)S

Y ;R;δ,δ′
n

)
≤ Cπk−1

R , (20)

k = #1(δ, δ′) is defined in (16).
This follows by induction from the following two inequalities, see, e.g., [10];

we use here short notations (µi, νi) = (µ0ν0)S
Y ;R;δ,δ′

i .
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(1◦) For every i,

ρ
(
(µi, νi)S

Y ;R;δ,δ′

i:i+1 , (νi, µi)S
Y ;R;δ,δ′

i:i+1

)
≤ ρ ((µi, νi), (νi, µi)) .

(2◦) There exists πR < 1 such that if i + 1 ∈ J(δ, δ′),

ρ
(
(µi, νi)S

Y ;R;δ,δ′

i:i+1 , (νi, µi)S
Y ;R;δ,δ′

i:i+1

)
≤ πRρ ((µi, νi), (νi, µi)) .

The latter follows from the Proposition 3.9 from [10], with the contraction
constant, πR ≤ (1− C̃−2

R )/(1 + C̃−2
R ), due to the “mixing condition”

C̃R =: sup
DR

Qi:i+1(x0, x̃0, dx′, dx̃′)

Qi:i+1(v0, ṽ0, dx′, dx̃′)
≡ sup

DR

Q(x0, x̃0, dx′, dx̃′)

Q(v0, ṽ0, dx′, dx̃′)
< ∞, (21)

with

DR := {(x0, x̃0, v0, ṽ0, x
′, x̃′) : |x0|, |x̃0|, |v0|, |ṽ0| ≤ R, x′, x̃′ ∈ AR × AR}.

Then, the meaning of the inequality (2◦) is that the replacement of non-
random kernels Q by random ones QΨ does not change the supremum of
the derivative of one measure with respect to another.

For the completeness, the proof of the inequality (1◦) can be found in [7].

The induction base k = 1 (not k = 0) in (20) is valid due to the fact that
after the first pair of ones, the measures become comparable, by virtue of (21);
and the induction step follows from (2◦) directly.

Now we can estimate as follows :

Eµ0,ν0‖µ0S̄
Y,µ0
n − ν0S̄

Y,ν0
n ‖TV

≤
∑

δ, δ′∈∆, #1(δ,δ′)≥1

CRπ
#1(δ,δ′)−1
R Eµ0,ν0e

Y ;δ,δ′;µ0,ν0
n + 2

∑
δ,δ′∈∆; #1(δ,δ′)=0

EeY ;δ,δ′;µ0,ν0
n

≤
∑

δ δ′∈∆,

CR(π
#1(δ,δ′)−1
R ∧ 1)Eµ0,ν0e

Y ;δ,δ′;µ0,ν0
n . (22)

2. Let us split the sum
∑

δ, δ′∈∆ into three parts: (1) with #1(δ, δ′) ≥ ε′n; (2)
with #1(δ, δ′) < ε′n & #1(δ) ≤ εn; and (3) with #1(δ, δ′) < ε′n & #1(δ) > εn,
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where ε′ > 0 and another small ε > 0 such that ε′ << ε are to be chosen.
Correspondingly, we will estimate the three sums,

S1 =
∑

δ:#1(δ,δ′)≥ε′n

, S2 =
∑

δ:#1(δ)≤εn

, and S3 =
∑

δ:#1(δ)>εn, #1(δ,δ′)<ε′n

.

For the first one we have contraction in the Birkhoff metric; the second sum is
small whatever ε < 1 for R large enough, due to recurrence; the third one turns
out to be exponentially small if ε′ is small enough, due to the assumption (A3).
Notice that the third sum is a new term in compare to [7]; the first two are
similar to the terms in [7] , however, due to a new object δ′ we have to repeat
partially the calculus.

3. We have, for any 0 < ε′ < 1,

S1 =
∑

δ,δ′:#1(δ,δ′)≥ε′n

(π
#1(δ,δ′)−1
R ∧ 1)Eµ0e

Y ;δ;δ′µ0,ν0
n

=
∑

δ:#1(δ,δ′)≥ε′n

(π
#1(δ,δ′)−1
R ∧ 1)Eµ0Eµ0,ν0(1δ,δ′(X, X̃) | Y, Ỹ )

∣∣∣
Ỹ =Y

≤ πε′n−1
R

∑
δ,δ′:#1(δ,δ′)≥ε′n

Eµ0Eµ0,ν0(1δ,δ′(X, X̃) | Y, Ỹ )
∣∣∣
Ỹ =Y

= πε′n
R Eµ0

∑
δ,δ′:#1(δ,δ′)≥ε′n

Pµ0,ν0

(
1δ,δ′(X, X̃) | Y, Ỹ

) ∣∣∣
Ỹ =Y

= πε′n
R Eµ0Pµ0,ν0

(⋃
δ′:#1(δ,δ′)≥ε′n 1δ,δ′(X, X̃) | Y, Ỹ

) ∣∣∣
Ỹ =Y

≤ πε′n
R . (23)

4. To estimate the second term of the sum we apply the hint proposed in [7]
which gives the following bound:

S2 =
∑

δ, δ′:#1(δ,δ′)<ε′n &#1(δ)<εn

(π
#1(δ,δ′)−1
R ∧ 1)Eµ0

(
Eµ0,ν0(1δ,δ′(X, X̃) | Y, Ỹ )

∣∣∣
Ỹ =Y

)
≤
∑

δ, δ′:#1(δ)<εn Eµ0

(
Eµ0,ν0(1δ,δ′(X, X̃) | Y, Ỹ )

∣∣∣
Ỹ =Y

)
≤ Eµ0

(
Eµ0,ν0

(
1(
∑n

k=0 1(Mk ≤ R) < εn) | Y, Ỹ
) ∣∣∣

Ỹ =Y

)
≤ Eµ0

(
Eµ0,ν0

(
1(
∑n

k=0 1(|Xk| ≤ R) < 1+ε
2

n) | Y, Ỹ
) ∣∣∣

Ỹ =Y

)
+Eµ0

(
Eµ0,ν0

(
1(
∑n

k=0 1(|X̃k| ≤ R) < 1+ε
2

n) | Y, Ỹ
) ∣∣∣

Ỹ =Y

)
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≤ Eµ0

(
1(
∑n

k=0 1(|Xk| ≤ R) < 1+ε
2

n
)

+CEν0

(
1(
∑n

k=0 1(|X̃k| ≤ R) < 1+ε
2

n
)

. (24)

Similarly to the calculus in [7], due to the bounds from [11] and [12], for every
0 < ε < 1, the latter expectation admits an appropriate bound, exponential or
polynomial, depending on the value p, if R is chosen large enough, namely,

Eµ0

Eµ0,ν0(
∑

δ:#1(δ)<εn

1δ(X, X̃) | Y, Ỹ )
∣∣∣
Ỹ =Y

 ≤
{

Cmn−m, p = 1,
C exp(−cn), p = 0,

for all m > 0 in the case p = 1.

5. The last step is to estimate the third term in the sum. This estimation will
be based on the following inequalities:∑

δ, δ′:#1(δ,δ′)<ε′n &#1(δ)>εn

Eµ0

(
Eµ0,ν0(1δ,δ′(X, X̃) | Y, Ỹ )

∣∣∣
Ỹ =Y

)
= Eµ0

(
Eµ0,ν01

( ∑n
i=1 1(Mi−1 ≤ R) > εn,

∑n
i=1 1(Mi−1 ≤ R & (Xi, X̃i) ∈ AR × AR) < ε′n

)
| Y, Ỹ )

∣∣∣
Ỹ =Y

)
≤ Eµ0 (Eµ0,ν01 (

∑n
i=1 1(|Xi−1| ≤ R) > εn,

∑n
i=1 1(|Xi−1| ≤ R & Xi ∈ AR) < 1+ε′

2
n
)
| Y, Ỹ )

∣∣∣
Ỹ =Y

)
+
(
Eµ0,ν01

(∑n
i=1 1(|X̃|i−1 ≤ R) > εn,

∑n
i=1 1(|X̃i−1| ≤ R & X̃i ∈ AR) < 1+ε′

2
n
)
| Y, Ỹ )

∣∣∣
Ỹ =Y

)
≤ Eµ01

(∑n
i=1 1(|Xi−1| ≤ R) > εn,

∑n
i=1 1(|Xi−1| ≤ R & Xi ∈ AR) < 1+ε′

2
n
)

+CEν0

(
1
(∑n

i=1 1(|X̃i−1| ≤ R) > εn,
∑n

i=1 1(|X̃i−1| ≤ R & X̃i ∈ AR) < 1+ε′

2
n
))

≤ Eµ01 (
∑n

i=1 1(|Xi−1| ≤ R, Xi /∈ AR) ≥ ε′′n)

+CEν01
(∑n

i=1 1(|X̃i−1| ≤ R, X̃i /∈ AR) ≥ ε′′n
)

,
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where ε′′ = ε − 1+ε′

2
. Two last terms can be estimated using the same calcu-

lations, so we deal with only the first one. Remind that so far both ε and ε′

are arbitrary values from (0, 1), – with the only restriction ε′ < ε, – and it is
time to choose them now. Clearly, the more ε′′, the less the indicator function
1 (
∑n

i=1 1(|Xi−1| ≤ R, Xi /∈ AR) ≥ ε′′n). Hence, we also minimize the expecta-
tion of this indicator if we choose ε′′ as large as possible; and the supremum of
possible is 1/2, although, of course, it is not attained, for ε < 1, and ε′ > 0. In
the other words, we should choose ε close to 1, and ε′ close to zero, then ε′′ will
be just slightly less than 1/2. What is important here is that by this choice we
can assure the inequality

pR + ε′′ > 1. (25)

Now, by exponential Bienaimé–Chebyshev, we estimate, with any λ > 0,

Eµ01

(
n∑

i=1

1(|Xi−1| ≤ R, Xi /∈ AR) ≥ ε′′n

)

≤ exp(−λε′′n) Eµ0 exp

(
λ

n∑
i=1

1(|Xi−1| ≤ R, Xi /∈ AR)

)

= exp(−λε′′n) Eµ0

(
exp

(
λ

n−1∑
i=1

1(|Xi−1| ≤ R, Xi /∈ AR)

)

×EXn−1 exp (λ1(|Xn−1| ≤ R, Xn /∈ AR))

)
.

Here we have,

EXn−1 exp (λ1(|Xn−1| ≤ R, Xn /∈ AR))

= 1(Xn−1 ∈ BR) EXn−1 exp (λ1(|Xn−1| ≤ R, Xn /∈ AR))

+1(Xn−1 6∈ BR) EXn−1 exp (λ1(|Xn−1| ≤ R, Xn /∈ AR))

≤ 1(Xn−1 ∈ BR) sup
x∈BR

Ex exp (λ1(X1 /∈ AR)) + 1(Xn−1 6∈ BR)

≤ sup
x∈BR

Ex exp (λ1(X1 /∈ AR))

= sup
x∈BR

(
Px(X1 ∈ AR) + eλ(1− Px(X1 ∈ AR))

)
15



=
(
pR + eλ(1− pR)

)
.

By induction,

exp(−λε′′n) Eµ0 exp

(
λ

n∑
i=1

1(|Xi−1| ≤ R, Xi /∈ AR)

)

≤ exp(−λε′′n) (pR + eλ(1− pR))n ≡
(
exp(−λε′′)(pR + eλ(1− pR))

)n
.

Now, (
exp(−λε′′)(pR + eλ(1− pR))

)∣∣
λ=0

= 1,

and, by virtue of (25),(
exp(−λε′′)(pR + eλ(1− pR))

)′
λ

∣∣∣
λ=0

= −ε′′ + 1− pR < 0,

Therefore, for λ from some right neighbourhood of zero, we obtain

q :=
(
exp(−λε′′)(pR + eλ(1− pR))

)
< 1.

Let us fix any such λ > 0. Then, with this λ,

Eν01

(
n∑

i=1

1(|Xi−1| ≤ R, Xi /∈ AR) ≥ ε′′n

)
≤ qn,

which provides a desired exponential bound for S3.
6. The non-averaged bounds follow from Chebyshev’s inequality and the

Borel–Cantelli lemmae. The Theorem 1 is proved.

Remark 3 Notice that the inequality with 1/2 never appears in non-conditional
mixing, so it looks a bit mysterious in the assumption (A3). Intuitively, it relates
to the “uncoupling” of X and X̃: after that procedure we still wish to see each
component frequently enough in the ball BR along with its next state, leaving
alone that this next state actually should be in AR. All this requires > 1/2 in
(5). Possibly, this is due to the method, and could be relaxed by some more
clever procedure.
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